In this work, we theoretically and experimentally study the physical process of Airy beams induced by binary phase patterns combined with a slope factor. Theoretical simulations show that the binary phase patterns generate a pair of symmetrically inverted twin Airy beams. The slope factor can regulate the spacing between the two Airy beam peaks, decrease the error induced by the binarization process, and adjust the position of the focus formed by the twin Airy beams. The experimental results are consistent with the theoretical ones.
In 1979, Berry and Balazs [1] theoretically demonstrated that the Schrödinger equation describing a free particle can exhibit a nonspreading Airy wave packet solution. Since then, Airy beams have been attracting considerable interest because of their unique properties, including transverse acceleration [2] [3] [4] , nondiffraction [5, 6] , and self-reconstruction [7, 8] . In most experiments, Airy beams are generally induced by continuous cubic phase patterns generated using a phase-type spatial light modulator (SLM) [9] . However, a phase-only SLM has some intrinsic disadvantages, such as large pixel size, low resolution, and low laser damage threshold. To solve these problems, binary-phase elements may be a good method for generating Airy beams because of low cost and easy fabrication [10] . In the present work, we theoretically and experimentally study the physical process of Airy beams induced by binary-phase elements, and find that binary phase patterns generate a pair of symmetrically inverted twin Airy beams. We also propose a method of effectively regulating the structure of twin Airy beams, which may be useful in actual applications.
To simplify analysis, we first consider a one-dimensional case. For general cubic phase patterns, the phase function in the normalized k-spacing is expressed as f 1 k k 3 ∕3. In binary phase patterns, the phase function is expressed as f 1B k, which can be calculated using the following equation:
where n is an integer. A phase function corresponds to a propagation function. The f 1 k corresponds to the propagation function expif 1 k, and f 1B k corresponds to expif 1B k. The Fourier transform of expif 1B k is F 1B x, which is the frequency spectrum induced by f 1B k. F 1B x is defined as
From Eqs. (1) and (2), exp−if 1B k − expif 1B k and F 1B −x −F 1B x. Thus, we obtain
Equation (3) indicates that the frequency spectrum induced by the binary phase modulation f 1B k leads to an axisymmetric characteristic.
It is well known that the frequency spectrum induced by the cubic phase function f 1 k is a single Airy beam. However, the Fourier transform F 1B x can generate a pair of symmetric Airy beams, as shown in Fig. 1 . Figure 1 also presents the phase profiles and corresponding frequency spectra. Figure 1(a) is the gray cubic phase profile, and Fig. 1(b) is the frequency spectrum induced by the gray cubic phase. The frequency spectrum is located on one side of the axis. Figures 1(c) and 1(d) are the binary phase profile and corresponding frequency spectrum, respectively. Unlike Fig. 1(b) , the frequency spectrum induced by the binary phase shows an axisymmetric profile at the original point.
Given that the frequency spectrum has an axisymmetric profile, Fig. 1 shows that the binary phase f 1B k can be used to generate a pair of inverted twin Airy beams, which has been experimentally verified in [10] . However, Fig. 1(d) indicates that the spacing between the two Airy beams is very small and the Airy beams almost overlap. It is therefore difficult to observe two separated Airy beams experimentally. For this reason we introduce a slope phase modulation factor g · k into the phase function, which will be analyzed below.
In most experiments and applications, one has to observe two-dimensional Airy beams (frequency spectrum); here we directly analyze the case that the g · k is added to f 1 k, which is expressed in a two-dimensional case as
After incorporating the slope phase modulation factor, the two-dimensional cubic phase function is expressed as
The frequency spectrum induced by f 2ag k x ; k y is expressed as F 2ag x; y, which can be calculated as follows:
Ax − g∕2π; y − g∕2π;
where Ax; y F fexpif 2a k x ; k y g depicts a two dimensional Airy beam. Equation (7) indicates that F 2ag x; y is actually a translational two-dimensional Airy beam, and the translation distance is Δx Δy g∕2π. The translation process is demonstrated in Fig. 2 . Figure 2 (A) is a typical Airy beam induced by the cubic phase function of Eq. (4), as shown in Fig. 2(a) . Figure 2 (B) is a translation factor induced by the slope phase modulation function of Eq. (5), which is a blazed grating as shown in Fig. 2(b) . The combination of the cubic phase function with the slope phase modulation function [Eq. (6) ] is presented in Fig. 2(c) . Figure 2 (c) leads to the generation of a translational Airy beam [Eq. (7)], as shown in Fig. 2(C) . Figure 2(C) is the same as Fig. 2(A 
We then analyze the two-dimensional Airy beams induced by the binary phase element with a slope phase modulation function. The phase function is expressed as f bin2ag k x ; k y , which is calculated as follows: f bin2ag k x ; k y π∕2 at f 2ag k x ; k y ∈ 2nπ; 2n 1π f bin2ag k x ; k y −π∕2 at f 2ag k x ; k y ∈ 2n − 1π; 2nπ:
The frequency spectrum induced by f bin2ag k x ; k y has an axisymmetric profile that can be deduced using the same process as that used in the one-dimensional case. 8), which is the binarization result of the cubic phase. The induced Airy beams are shown in Fig. 2(D) . The binary phase patterns can generate twin Airy beams, which can be well separated using the slope phase modulation function f 2g k x ; k y .
Figure 2(D) shows that the spacing between the main peaks of the twin Airy beams can be tuned by changing the value of the slope factor g, which is further verified by the numerical simulation results given in Fig. 3 . The corresponding twin Airy beams for different slope factors are also shown in Fig. 3(A)-3(E) . The spacing between the twin Airy beams decreases with decreased slope factor g (5 to −5). At g 5, the twin Airy beams are obviously separated. At g 0, the twin Airy beams almost overlap. At g < 0, the twin Airy beams intersect each other. With decreased slope factor g, the difference between twin Airy beams and ideal Airy beams increases. At g −5, the twin Airy beams only obtain a similar shape to that of original Airy beams. However, the main peak has split into multiple small peaks because some information pieces are lost in the binarization process.
To investigate quantitatively the effect of the slope factor on the Airy beams, the frequency spectrum error function is defined as
where F 2ag x; y is the frequency spectrum distribution of gray phase f 2ag k x ; k y , and F bin2ag x; y is the frequency spectrum of the binary phase f bin2ag k x ; k y . Given that the binary phase pattern generates two Airy beams and the energies of the Airy beams are equal, F bin2ag F bin2ag is multiplied by 2 for comparison with
The calculated results are shown in Fig. 4 . As shown in Fig. 4 , e F shows an oscillation characteristic at g < 0. Furthermore, e F decreases with increased g. At g > 5, e F < 0.16, which indicates that the introduction of the slope factor g can not only separate the twin Airy beam, but also decrease the frequency spectrum error induced by the phase binarization process.
Subsequently, experiments are conducted as shown by the setup in Fig. 5 . A He-Ne laser is used to generate a polarized laser beam, which is expanded into a Gaussian laser beam with a full width at half-maximum of 22 mm. This Gaussian beam is then reflected by a computercontrolled SLM used to generate binary phase pattern. Fourier transform is conducted using a Fourier lens with focal length f 500 mm. Afterward, an objective lens and a charge-coupled device (CCD) are placed on a one-dimensional motor stage. The amplification factor of the objective lens is 5. The SLM and objective lens are placed on the front focal plane and back focal plane of the Fourier lens, respectively. The pixel size and resolution of SLM are 8 μm and 1920 × 1080, respectively. The effective area of the SLM used in our experiment is 8.54 mm × 8.54 mm.
The experimental results are shown in Fig. 6 . Figures 6(a)-6(d) are the generated twin Airy beams when z is 0,140, 283.5, and 350 mm captured by the CCD. Figure 6 (e) is the numerical simulation result of twin Airy beams with the accelerative relation
at different position z. The twin Airy beams are symmetric about the point x 0; y 0, and exhibit opposite acceleration while propagating along the z axis. The twin Airy beams intercross at z 283.5 mm, form a focal point, and then continue to propagate forward. This phenomenon is similar to the focusing characteristic of converging lens. However, focusing occurs in free space and is based on the native properties of the twin Airy beams. This propagating characteristic is novel to twin Airy beams.
In summary, we explore theoretically and experimentally into the physical process of binary phase patterns induced twin Airy beams. Compared with the common Airy beam, the twin Airy beams possess more attractive properties. First, observing the acceleration in free space is much easier. There is no need to measure the relative deviation of the main lobe of the Airy beam from the optical axis. Second, there is a controllable focus, and the position of the focus can be altered by introducing a slope factor. In addition, binary phase patterns are low cost and can be easily fabricated, indicating their large scale potential applications. 
